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Theorem (Bland-Las Vergnas 78)

A matroid is regular if and only if it is binary and orientable.



Part 1: Bands

(joint with Baker and Jin)



Pointed monoids

A pointed monoid is a commutative semigroup A with 1 and 0,
ie.l-a=aand 0-a=0 for all a € A.

The unit group of A is
A* = {a€A|ab =1 for some b € A}.
The ambient semiring of A is
AT = N[A]/0a ~ Onpap) = { Y ai|a € A—{0}).

An ideal of At is a subset I such that 0 €I, I+I=1I and
At - I=1.



Bands

A band is a pointed monoid B together with an ideal Ng C B*
(the nullset) such that every a € B has a unique —a € B (its
additive inverse) with a + (—a) € Np.

A tract is a band B with B* = B—{0}.

Example: A ring R defines the band B = (R, -) with nullset
N = {Zai| >a;=01in R}.

If R is a field, then B is a tract. Further tracts:

Fy ={0,1} Ng, = {n.1| n even} field with 2 elements
K ={0,1} Ng={nl|ln#1} Krasner hyperfield
S={0,+1} | Ns={nl+m.(-1)|n=m=0orn=#0+#m}
sign hyperfield

F

~H

= {0, £1} Np= = {n1+n.(-1)|n=>0}
regular partial field




Examples

A band morphism is a multiplicative map f : B — C with
f(0) =0 and f(1) =1 such that > f(a;) € N¢ for all > a; € Ng.

Examples:
1. sign: R — S is a band morphism.
2. For every band B, there is a unique morphism FI—' — B.
3. For every tract F, there is a unique morphism

tr: F — K (the terminal map)

given by tr(a) =1 for all a # 0.



Part 2: Matroids



k-matroids

For the rest of the talk, let 0 < r < n be fixed integers and
E={1,...,n}. Let k be a field.

Definition
A k-matroid (on E of rank r) is an r-dimensional subspace L of
K.

Cryptomorphic description

A k-matroid is the same as a point of the Grassmannian
Gr(r,n)(k), which is a subset of the projective space

PV = {1an|re(f))

where N = (rrl) —1and (If) is the collection of all r-subsets of E.



k-matroids

In other words:

A k-matroid is a k*-class [A] of a Grassmann-Pliicker function,
which is a map

E
A ( r) — k
with Ay € kX for some I that satisfies the Pliicker relations
r+l
Z (=1 Arugig Argiy = 0
k=1

forall I,J C E with#l =r—-1,J = {j1,...,jr1} Where
J1<...<jrp1 and A U {ji}) =0 if ji € I.



Matroids

Definition
A matroid is a K-matroid.

Example

Let k be a field and [A : (¥) — k] € Gr(r,n)(k) a k-matroid. Let
ty : k = K be the terminal map. Then M = [t o A] is a matroid.

Definition

Let F be a tract with terminal map tr : F — K. A matroid M is
representable over F if there is a Grassmann-Pliicker function
A (f) — F such that M = [tg o A].



Regular, binary and orientable matroids

A matroid M is called
> regular if M is representable over the regular partial field
Ffs
> binary if M is representable over the finite field Fo;

> orientable if M is representable over the sign hyperfield S.

Theorem (Bland-Las Vergnas 78)
A matroid is regular if and only if it is binary and orientable.



Part 3: Moduli spaces



Band schemes (joint with Baker and Jin)

An affine band scheme is a representable functor
Hom(B, -) : Bands — Sets.

A band scheme is a functor X : Bands — Sets that has an open
cover by affine band schemes.

A morphism of band schemes is a morphism of functors.
Example
1. The projective n-space P" : Bands — Sets is defined as
P*B) = {(ap,...,an) € B”+1|ai € B* for some i} / B*.
2. The Grassmannian Gr(r,n) : Bands — Sets is defined as

Gr(r,n)(B) = {[A: (f) — B] | Pliicker relations} C P()-1(B).



The moduli space of matroids

Let X be a band scheme. A matroid bundle on X is an
isomorphism class of a Grassmann-Pliicker function
A (f) - I'X, £) where L is a line bundle on X.

Theorem (Baker-L '21)

1. For every band B and X = Hom(B, —), there is a canonical
bijection

®p : {B-matroids} — {matroid bundles on X}.
2. For every band scheme X, there is a canonical bijection

Yy : Hom (X Gr(r I’L)) N { matroid bundles on X }
X - , S

of rankron {l,...,n}

The universal family on Gr(r,n) is MW = ey (idGren)-
The matroid bundle ¥x(¢ : X — Gr(r,n)) is the pullback ¢* MW,



Part 4: Foundations of matroids



The universal tract

In the case X = Hom(K, —), we obtain a bijection

Yx : Gr(r,n)(K) «— {matroids of rank r on E}

Given a matroid M, we denote ‘I’}‘{I(M) by xm : SpecK — Gr(r, n).
Let xp; € Gr(r,n) be the image point of ;.

The universal tract of M is the residue field Ty; of Gr(r,n) at
xyp. It is indeed a tract.



First application: thin Schubert cells

Let M be a matroid and k a field with terminal map ¢ : k — K.
The thin Schubert cell of M over k is

Xu(k) = {[A] € Gr(r,n)(k) | M = [t 0 A]}.

Universality theorem (Mnév / Sturmfels / Lafforgue / Vakil)
Xy (k) can be arbitrarily complicated (for fixed k and varying M).

Theorem (Baker-L '18)

Let Ty be the universal tract of M. Then there exists a canonical
bijection Xp(k) > Hom(Tyy, k).

Corollary
M is representable over k & there is a morphism Ty — k.



An important observation

Many tracts have the following property:

A map A : (f) — F, for which M = [tg o A] is a matroid, is a
Grassmann-Pliicker function if it satisfies the 3-term Pliicker
relations

Afap * Ared — Atac " Ampa + Arag - Ape € NF
for auIe(fz) anda<b<c<dinE.

For the purpose of this talk, we call a tract with this property a
perfect tract.

Examples of perfect tracts are fields, K, S and FI—'



The foundation

A pasture is a tract T whose null set is generated by 3-term
relations: Ny ={a+b+cla+b+ce Nrp).

The universal pasture of M is the 3-term truncation
Py = {(a+b+cla+b+ceNy,)
of the universal tract T)y.

The foundation of M is the subpasture Fy; of Py generated by
its cross ratios, which are terms of the form

Afap - Area
Afac - Appa



Application: Bland-Las Vergnas’'s theorem

Theorem (Baker-L '18)

Let M be a matroid with foundation F); and F a perfect tract.
Then M is representable over F if and only if there is a morphism
FM — F.

Theorem (Baker-L '18)
A matroid M is
> regular if and only if Fy = F%;
> binary if and only if Fy = F{ or Fa.

Theorem (Bland-Las Vergnas 78)

A matroid M is regular if and only if it is binary and orientable.

Proof.
M 1is binary and orientable & Fj; = ]Fli or Fy, and M is orientable
o Fy = IFI—' (there is no morphism Fo — S) & M is regular |
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